Abstract-The purpose of this paper is to explore the applicability of linear time-invariant dynamical systems with polytopic uncertainty for modeling and control of islanded dc microgrids under plug-and-play (PnP) functionality of distributed generations (DGs). We develop a robust decentralized voltage control framework to ensure robust stability and reliable operation for islanded dc microgrids. The problem of voltage control of islanded dc microgrids with PnP operation of DGs is formulated as a convex optimization problem with structural constraints on some decision variables. The proposed control scheme offers several advantages including decentralized voltage control with no communication link, transient stability/performance, PnP capability, scalability of design, applicability to microgrids with general topology, and robustness to microgrid uncertainties. The effectiveness of the proposed control approach is evaluated through simulation studies carried out in MATLAB/SimPowerSystems Toolbox.
new modeling and control techniques must be investigated and explored. A hierarchical control strategy has recently been developed in [3] and [4] to standardize the operation and functionality of microgrids. It mainly consists of three control levels with separate time scales named as primary, secondary, and tertiary control. The primary control level, which is typically droop-based, is intended to rapidly stabilize the voltage of DC microgrids and to facilitate an accurate power sharing. The second level with slower time scale compensates for the deviations in the voltage in the steady state induced by the primary control [4] . The tertiary level is associated with optimal operation and power management in DC microgrids [4] .
Primary control, which is a proportional controller from a control point of view, has a decentralized structure whereas secondary and tertiary control levels are typically centralized and rely on communication networks [4] . The non-scalability of the centralized control strategies and their non-robustness to single point of failure have promoted a surge of research efforts, e.g., [2] and [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , to partially solve these issues. The solutions are based on distributed control techniques in DC microgrids where there exist some communication links and information exchange among neighbors.
Another strategy used in islanded microgrids is nondroop-based control, which relies on decentralized advanced model-based control approaches and combines primary and secondary control levels. Non-droop-based control approaches have mostly been used for primary voltage control of AC microgrids [20] [21] [22] [23] [24] [25] [26] . An example of this control strategy used for DC microgrids is decentralized scalable state feedback control proposed in [27] .
One of the main important issues in microgrids is plugand-play (PnP) operation of distributed generations (DGs) due to inherently discontinuous nature of renewable energy sources. The main problem is that PnP functionality of DGs does affect the microgrid stability and deteriorates closed-loop system performance. Although the proposed approach in [27] provides many advantages such as scalability and decentralized structure of primary voltage controllers, it does not allow robust plug-and-play operation. Once a DG is plugged into microgrids or plugged out from the system, the neighbors of that DG have to retune their local primary voltage controllers.
The main objective of this paper is to investigate and develop a new control strategy which provides a solution for the problem of plug-and-play operation in large-scale islanded DC microgrids. To design such a control strategy, it is necessary to develop an appropriate mathematical model of microgrids that reliably captures the fundamental aspects of the problem. To this end, we consider an islanded DC microgrid with arbitrary topology. Moreover, we assume that the microgrid is subject to a large amount of variability and uncertainty arising from several sources including load variations, microgrid topology change, and plug-and-play operation of DGs. In order to tackle all these issues, we adopt a linear time-invariant (LTI) polytopic system, in which uncertainties are modeled via a convex hull of a set of known vertices. This new representation of DC microgrids enables us to use robust control theory for stability analysis and control of DC microgrids. We develop a robust control strategy for voltage control of islanded DC microgrids. The proposed control strategy offers the following main features: 1) the voltage controller in primary level is fully decentralized and no digital communication is required, 2) the design procedure is scalable, 3) the controller guarantees stability of the overall microgrid system, 4) the desired transient and steady-state performance of the microgrid system according to IEEE standards [28] are satisfied, 5) it ensures the plug-and-play functionality of DGs, 6) the controller provides robustness with respect to load variations and microgrid topology changes.
The rest of this paper is organized as follows. Section II presents an LTI model with polytopic uncertainty for an islanded DC microgrid under plug-and-play functionality of DGs. Section III is devoted to robust decentralized voltage control of islanded DC microgrids. Simulation case studies are considered in Section IV. Finally, the paper ends with concluding remarks in Section V.
The notation used in this paper is standard. In particular, matrices I and 0 are the identity matrix and the zero matrix of appropriate dimensions, respectively. The symbols A T and denote the transpose of matrix A and symmetric blocks in block matrices, respectively. For symmetric matrices, P > 0 and P < 0 respectively indicate the positive-definiteness and the negative-definiteness.
II. MATHEMATICAL MODEL OF ISLANDED DC MICROGRIDS
This section is dedicated to the development of an analytical model of an islanded DC microgrid composed of N distributed generations (Fig. 1) . In this figure, DG i and DG j are connected via a distribution line Z ij modeled by an RL network with parameters R ij and L ij . A DC microgrid normally consists of DGs and energy storage systems, supplying sort of electronic loads through a common DC bus. The common bus is linked to the distributed energy sources through a DC-DC converter. Fig. 2a shows general configuration of DG i interfaced with a DC-DC converter connected to DG j via the distribution line. Depending on the applications, different types of DC-DC converters, e.g., buck and boost are used in DC microgrid systems. Each DG is modeled by a DC voltage source, a DC-DC converter, and a local load whose structure is assumed to be unknown. Signals V i , V j , V dc i , I L i , and I ij are the load voltage at Point of Common Coupling (PCC i), the voltage at PCC j, the voltage of DC source of DG i, the load current, and the distribution line current, respectively. In what follows, we assume that buck converters are used as DC-DC converters. The case of DGs with boost converters is treated in Section III-F and a simulation example with mixed converters is given in Section IV-F. However, in the case that other types of DC-DC converters are employed in the DC microgrids, a linear model of the converters should be developed and used.
According to Fig. 2b , a buck converter consists of a switching transistor, a series RL filter with parameters R t i and L t i , and a shunt capacitor C t i . Signals I t i and V t i are the filter current and the terminal voltage behind RL filter, respectively. By using the model of a buck converter in [29] , the DG i and the distribution line ij are mathematically described by the following dynamical equations:
Line ij :
where d buck i is the duty cycle of the buck converter i.
A. Quasi Stationary Model of DC Microgrids
It is assumed that the distribution lines have quasi-stationary dynamics, i.e., dI ij dt = 0 [30] . Therefore, the line dynamics in (2) is written as follows:
This assumption is reasonable because the line impedance in DC systems is mainly resistive and therefore the inductance L ij can be neglected. By replacing I ij in (1) with (3), the dynamics of DG i are given by:
In the same manner, we can show that islanded DC microgrid composed of N DGs in Fig. 1 is described by the following state space equations:
where
is the exogenous input, and y i = V i is the output of DG i. It is assumed that DG i is connected to a set of N i ⊂ {1, . . . , N} DGs. The state space matrices are given as follows:
In equations (5) and (6), the subscript i describes the variables of DG i whereas the subscript j is related to variables of other DGs connected to DG i. More specifically,
is defined as the state space matrices of DG i. The term j∈N i A g ij x g j describes the interaction term between DG i and its connections.
B. Islanded DC Microgrids With Polytopic-Type Uncertainty
One of the main sources of uncertainty in microgrids is plug-and-play functionality of DGs. DGs are frequently plugged in and/or plugged out from the microgrid system. As a results, the topology of microgrid is uncertain. In this subsection, we model the PnP operation of DGs in the islanded microgrids as polytopic uncertainty. By virtue of the fact that the plug in/out of DG j to/from DG i affects only the first element of matrix A g ii , i.e., −
, we should consider the maximum and minimum values of the term
The minimum value happens when there is maximum possible connections of DGs to DG i. Moreover, the maximum value is associated with a connection with maximum value of R ij among the other N i connections. Therefore, two cases for each DG are considered:
• Maximum possible connections of DGs to DG i (N i max ⊂ {1, . . . , N}) corresponding to the following vertex:
• Connection ij with maximum value of R ij among the other N i connections which corresponds to the following second vertex:
If these two vertices are considered as two points, every possible connection/disconnection of DGs to DG i lies in the straight line segment which connects those two points. The line segment connecting two points could mathematically be described as follows: (9) where 0 ≤ λ ≤ 1. The above uncertainty zone is convex combination of vertices A 1
. In other words, the PnP operation of DGs is modeled as a polytopic system.
III. HIERARCHICAL CONTROL OF DC MICROGRIDS
The islanded DC microgrid control system proposed in this paper is a hierarchical control strategy which mainly consists of two main levels with separate time-scales. The primary level is intended to stabilize the voltage of the DC microgrids and compensates for the deviations in the voltage in the steadystate. The second level is power management system (PMS) which is associated with the optimal operation of islanded microgrids. Power management system centrally solves an optimal power flow problem and broadcasts respective voltage setpoints to the primary level. This section focuses on the development of a voltage control strategy for autonomous DC microgrids with different types of topologies.
A. Primary Voltage Control
This subsection addresses the voltage controller design of islanded DC microgrids in Fig. 1 with general architecture. We utilize the QSL-based model of the islanded DC microgrid system affected by polytopic uncertainty developed in Section II to design a robust voltage controller. We use IEEE standards [28] to define stability and performance specifications on the control scheme. The proposed control strategy must satisfy the following specifications:
1 
Therefore, the augmented model of DG i is described by following state space equations:
and
The augmented matricesÂ g ii are also affected by the polytopic uncertainty:
for i = 1, . . . , N.
2) Decentralized Robust Voltage Control Scheme:
This part is about the design of decentralized robust state feedback controllers K i with the following control laws:
The closed-loop system of the i th augmented subsystem with polytopic uncertainty in (13)- (14) and its local controller K i is described as follows:
The overall closed-loop system is then presented as follows:
The decentralized robust state feedback controller is designed via the following theorem which is based on the use of two slack variables Y and G [31] .
Theorem 1: The decentralized state feedback K stabilizes the closed-loop system with polytopic uncertainty in (17) if there exist positive-definite matrices
, and a scalar ε > 0 such that the following conditions hold:
for l = 1, 2. Moreover, the robust state feedback controllers are presented as
and stabilize the system (Â g ii (λ),B g i ,Ĉ g i , 0) with a linearly parameter dependent Lyapunov matrix
Theorem 1 proposes some Linear Matrix Inequalities (LMIs) for design of a robust decentralized state feedback controller. It is based on the use of slack matrices (G, Y) . If the LMI conditions in (19) are held, the closed-system with the robust decentralized state feedback controller can satisfy the stability condition according to Lyapunov theory [31] . By solving the set of LMIs in (19) , the robust state feedback controller for each DG is obtained as
Remark: Theorem 1 is about the design of robust statefeedback controllers for uncertain systems where the uncertainty is modeled in terms of polytopic matrices A g ii (λ) andÂ g ii (λ). If LMI conditions in (19) are satisfied for l = 1, 2, i.e., ⎡ ⎢ ⎣Â
Then, the following inequality obtained by convex combination of above inequalities is also held:
The above condition proves the stability of the system affected by uncertainty (robustness to uncertainty).
To design the local voltage controllers K i using Theorem 1, the coupling terms j∈N iÂ g ijx g j are considered. However, we aim to design the local controllers K i individually without considering the interactions among different DGs such that the asymptotic stability of the closed-loop DC microgrid system is guaranteed.
In the following, we show that under some specific conditions mainly on the slack matrices G i , the interaction terms in the augmented microgrid model described by (17)-(18) are neutral, i.e., they do not affect the closed-loop stability. As a result, the decentralized design of the local voltage controllers guarantees the stability of the whole microgrid system, i.e.,Â(λ).
If the following conditions are met, the interaction terms in the augmented microgrid model described by (17)- (18) are neutral. 1) Slack matrices G i have the following structure:
where η i > 0 and matrices G 21 i and G 22 i are of appropriate dimensions. 2)
≈ 0 for i = 1, . . . , N and j ∈ N i . If the above mentioned conditions hold, the interaction termsÂ l g ji 
The first condition can be satisfied by considering the structural constraint given in (23) on the slack matrices G i in the LMI conditions in (19) . The second condition is also met if η i > 0 is minimized or considered to have a very small value.
B. Pre-Filter Design
The local controllers K i designed in the previous subsection are stabilizing controllers. However, to improve the performance of the closed-loop system in terms of dynamics behaviour for voltage reference tracking according to IEEE standards [28] , a feedforward controller K r i is developed. The closed-loop system including the stabilizing and feedforward controllers is described as follows:
To achieve desired time-domain performance specifications for reference tracking, the feedforward controllers K r i (s) are designed by solving the following H ∞ optimization problem:
is a desired reference tracking (reference model) designed according to the desired performance of DG i.
C. Robustness to Load Changes
In the DC microgrid in Fig. 2a , the topology of load is unknown and load is assumed to be structurally uncertain. However, it is assume that the load current I L is available and measurable. We consider the load current as a measurable disturbance signal. To effectively attenuate the effects from the disturbance signal on the output signal, a feedforward controller K d i is designed. The closed-loop transfer function from the disturbance signal I L i to the output signal y i is as follows:
Then, the minimization of the impact of load changes on the voltages at PCCs can be achieved by means of solving the following optimization problem:
In this optimization problem, the aim is to design a feedforward controller K d i such that H ∞ norm of the closed-loop transfer function from the disturbance signal to the output signal described in (28) is minimized. Therefore, in the optimization problem proposed in (30), we would like to minimize the upper bound of the H ∞ norm (cost function) of the transfer function. The unknown variable is the feedforward controller Fig. 3 shows a block diagram of the control system of each DG in the DC microgrid system. Remark: The optimization problems in (27) and (30) can be solved using some developed control approaches in [32] and [33] .
D. Algorithm for Decentralized Voltage Control of Islanded DC Microgrids
In this subsection, a systematic algorithm for the design of the local voltage controllers K i and the supplementary controllers K r i and K d i for the DG i described by (17)- (18) is given. The algorithm includes the following steps:
Step 1 (Vertices of Polytope): Build two vertices A 1
respectively given in (7) and (8) as well as augmented matricesÂ 1
Step 2 (Fixed-Structure Slack Matrices): Fix the structure of the slack matrices G i as follows:
where G 21 i and G 22 i are considered as decision variables in optimization problem.
Step 3 (Convex Optimization Problem): Fix the scalar parameter ε i > 0 and solve the following convex optimization problem to obtain the voltage controllers K i :
Remark: The optimization in (32) is about the design of robust state feedback controller for DG i under neutral interaction. Therefore, we have to consider the conditions (1) and (2) proposed in Section III-A2. According to condition (2),
≈ 0 for i = 1, . . . , N and j ∈ N i . Therefore, we would like to minimize η i (cost function) subject to the stability condition in (19) (constraints).
Step
(Stabilizing Voltage Controllers): The robust local voltage controllers are presented as
Step 5 (Pre-Filter Design): Design pre-filters for controller performance improvement and disturbance rejection.
E. Robustness to Constant Power Loads
Constant Power Loads (CPLs) provide challenging issues from the stability point of view as they introduce negative impedances seen from the main bus [34] . In this subsection, we analyze the stability of DG i under the proposed voltage control technique against CPLs. To this end, it is assumed that DG i supplies a CPL with power demand P CPL connected at PCC i.
The state space equations which describe the dynamics of DG i are as follows:
The above equation is nonlinear with respect to V i due to the nonlinear term
. Linearization of (33) around operating points leads to the following model:
are the operating points of the DC microgrid system. The state feedback control
Therefore, the closed-loop state matrix is as follows:
Necessary and sufficient conditions for the stability of the closed-loop system are trace(A cl i ) < 0 and det(A cl i ) > 0. In other words, the control parameters must satisfy the following conditions in order to preserve the stability of the DC microgrid system under CPLs:
By adding the above constraints on the controller parameters to the optimization problem in (32), the designed controller is robust to CPLs.
F. Voltage Control of DC Microgrids With Boost Converters
In this subsection, it is assumed that a boost converter with the general model shown in Fig. 2c is used in DGi of the DC microgrid system in Fig. 2a . In this case, the DGi with N i connections to its neighbors is mathematically described as follows:
where d boost i is the duty cycle of the boost converter i. In this current framework, the control signal is the duty cycle d boost i . However, as opposed to the case of buck converters, the model in (37) is not linear due to two bilinear
The following model is derived from the linearization of equation (37) 
The model is presented in state space framework as equation (5) where u i = −d boost i + d boost i 0 and
The proposed voltage control strategy in Section III can be now applied to DGs with boost converters modeled as (5) and (39). All the equations (10)- (32) remain unchanged. One can conclude that in the case that different types of DC-DC converters are used in the DC microgrids, the linear or linearized model of each converter is used while the voltage control strategy is unique.
IV. SIMULATION RESULTS
To evaluate the performance of the proposed control scheme, we consider an islanded DC microgrid consisting of 6 DGs with buck converters, taken from [27] , as graphically shown in Fig. 4 . The parameters of each DG and the distribution network are respectively given in Table I and Table II. To design a robust voltage controller for each DG, it is necessary to develop a polytopic model. Therefore, according to IN FIG. 4 Fig . 4 . Layout of an islanded DC microgrid consisting of 6 DGs.
Step 1 of the algorithm proposed in Section III-D, all possible connections of DGs are considered. The convex optimization problems in (32) are solved using YALMIP [35] as an interface and MOSEK [36] as a solver. The simulation case studies are carried out in SimPowerSystems Toolbox of MATLAB. It is notable to mention that the inductance L ij of the distribution network is not ignored in the simulation case studies.
Remark: Transient behavior of microgrids is really important and affects the stability and normal operation of microgrids. Some standards about desired transient performance are given in [28] . One of the most important requirements about the controller strategy for microgrids is that the closed-loop DC microgrid system with the controller provides stability, desired transient, and steadystate performance according to the IEEE standards in [28] . Therefore, the main focus of the following case studies is on the transient performance of DGs.
A. Case Study 1: Voltage Tracking
The first case study assesses the performance and the transient response of DGs in voltage tracking. The voltage references for all DGs are initially set according to reference values given in Table I . Then, the voltage reference for DG1 is stepped down to 47.2 V at t = 1 s. Fig. 5 shows the dynamic responses of DG1 and its neighbors in the DC microgrid system. The results show that the proposed control Dynamic response of DG1, DG2, and DG6 due to changes in microgrid topology at t = 1 s and t = 1.3 s. technique is able to regulate the load voltage at PCCs with zero steady state error and small transient time.
B. Case Study 2: PnP Functionality of DGs
In the second case study, we evaluate the capability of the proposed controllers in PnP functionality of DGs. To this end, it is assumed that DG5 is plugged out from the microgrid system in Fig. 4 at t = 1 s and it is plugged in at t = 2 s. Due to this PnP operation, all the connection attached to DG5, i.e., DG4 and DG6, are affected. Fig. 6 shows the load voltages of DG5 and its neighbors at PCCs. The results illustrate that the PnP functionality of DG5 does not influence the stability of the microgrid system. In other words, the DC microgrid system is robustly stable with respect to PnP operation of DGs. Consequently, no redesigning procedure for the local controllers is required.
C. Case Study 3: Microgrid Topology Change
In this case study, we assume that the line between DG1 and DG2 and the line between DG1 and DG6 are respectively disconnected at t = 1 s ant t = 1.3 s due to faults. As a result, the topology of the DC microgrid system changes as shown in Fig. 7 . The dynamical response of DG1, DG2, and DG6 due to this microgrid topology change is plotted in Fig. 8 . The results reveal the robust performance of the voltage controllers to uncertainties affected the microgrid topology.
D. Case Study 4: Load Change
Case study 4 evaluates the performance of the proposed control strategy in load uncertainty. To this end, the load resistance at PCC6 is stepped down from 8 to 4 at t = 1 s. Fig. 9 shows the voltage signals at PCC6, PCC1, and PCC5 as well as the injected power of DG6. The dynamical responses confirm that the voltage controllers are robust with respect to load variations.
E. Case Study 5: Comparison
The performance of the proposed voltage control approach in terms of PnP operation of DGs is compared with the one in [27] . To this end, it is assumed that DG5 is plugged out at Performance evaluation of the proposed control strategy under plug-out of DG5 at t = 1s and its plug-in at t = 2s in Case study 6. t = 4 s and it is then plugged into the microgrid at t = 6 s. The results obtained via the control strategy in [27] and proposed control approach are depicted in Fig. 10 . Similar to the proposed voltage control design approach, the voltage control strategy in [27] has many advantages including scalability and decentralized architecture of primary voltage controllers. However, it does not provide robustness with respect to PnP operation of DGs. In order to make a smooth and fast transient response, the voltage control strategy in [27] needs to retune the local voltage controller of DG5. Comparison between the dynamical responses of both voltage strategies in Fig. 10 in terms of transient behavior shows the superiority of the proposed voltage control strategy in robustness against PnP functionality of DGs.
F. Case Study 6: DC Microgrids With Different Types of DC-DC Converters
To show that the proposed voltage control technique is not limited to DC microgrids with only buck converters, we assume that in the DC microgrid of Fig. 4 , boost converters are used in DG1 and DG2 and the other DGs are based on buck topology. New voltage controllers for DG1 and DG2 are designed according to the algorithm proposed in Section III-D and the model given in Section III-F. The case study 2 is repeated for this new structure of the DC microgrid and the results are depicted in Fig. 11 .
V. CONCLUSION
In this paper, we develop a new method for modeling and control of islanded DC microgrids. We adopt an LTI model with polytopic-type uncertainty in order to tackle main sources of uncertainties in microgrids including microgrid topology change and plug-and-play operation of DGs. Then, a decentralized robust voltage controller is designed via an optimal solution of a convex optimization problem. The main advantage of the proposed control approach is its robustness to plug-and-play functionality of DGs and consequently redesigning procedure is not required when DGs are plugged in/out. Moreover, the control strategy does not create any steady state error, thus no secondary controller is required. Various case studies are carried out in MATLAB to evaluate the performance of the proposed control strategy in terms of voltage regulation, microgrid topology change, load disturbances, and plug-and-play capability features of DGs.
